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Abstract—Most algorithms for distributed averaging only guar-
antee asymptotic convergence. This paper introduces a distributed
protocol that allows nodes to find the exact average of the initial
values in a finite and minimum number of steps on interconnec-
tion topologies described by strongly connected directed graphs
(digraphs). More specifically, under the assumption that each
component has knowledge of the number of its outgoing links
(i.e., the number of components to which it sends information),
we show that the average value can be computed based on lo-
cal observations over a finite time interval. The average can be
obtained in a finite number of steps even when the information
exchange is subject to delays. The proposed algorithm is the first in
the literature that allows for distributed computation of the exact
average in digraphs in finite time, with and without delays.

Index Terms—Average consensus, delays, digraphs, distributed
algorithms, finite time convergence.

I. INTRODUCTION

A DISTRIBUTED multicomponent system consists of a
set of components (nodes) that can share information

via connection links (edges), forming a directed interaction
topology (naturally represented as a directed graph or digraph).
The structure of the digraph has a critical impact on which
tasks can be performed in a distributed manner, and might
limit the achievable performance of distributed algorithms. The
objective of a consensus problem is to have agents belong to a
group that agrees upon a certain (a priori unknown) quantity of
interest. When the agents have reached an agreement, we say
that the distributed system has reached consensus.

While distributed coordination has been the subject of exten-
sive research for a long time (see, for example, [1]–[3]), a furore
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has been created during the last decade, due to the wide variety
of applications and the potential to burgeon scientific advances
in many different areas, ranging from computer science (e.g.,
parallel and distributed computation [3]), engineering (e.g.,
distributed optimization in sensor networks [4] and formation
control of robotic networks [5]), to ecology (e.g., flocking
phenomena [6], [7]) and social networks (e.g., dynamics of
opinion forming [8]).

One of the most well-known consensus problems is the so-
called average consensus problem where agents aim to reach
the average of their initial values (see, for example, [9]). The
initial value associated with each agent might be, for instance,
a sensor measurement of some signal [10], the Bayesian belief
of a decision to be taken [11], or the capacity of a distributed
energy resource for the provisioning of ancillary services [12].
It has been shown in [13] that under a fixed interconnection
topology, average consensus can be achieved by performing
a linear iteration in a distributed fashion as long as the in-
terconnection topology is strongly connected and balanced,
while gossip algorithms [14] and convex optimization [15]–
[17] require updating matrices to be doubly stochastic. In undi-
rected interconnection topologies, weight balanced and doubly
stochastic update matrices can be easily obtained, but this
is significantly more challenging in directed interconnection
topologies, which arise frequently in reality due to the hetero-
geneity of communication systems and the nonuniformity of
their communication ranges. There exists a limited number of
results (see, for example, [18]–[21]) that study how each agent
in an unbalanced (directed) graph can ensure convergence to
the exact average of the initial values. However, all existing
consensus algorithms that can successfully reach the average
in a directed graph only produce asymptotic convergence (i.e.,
exact average consensus is not reached in a finite number of
steps). In addition, few of these existing algorithms (e.g., [21])
have addressed delays.

Finite-time consensus algorithms are, in general, more de-
sirable; besides the fact that they converge in finite time, it
is reported that closed-loop systems under finite-time con-
trol usually demonstrate better disturbance rejection properties
[22]; this can be important in applications where the averaging
operation is a first step toward a control or regularization
task. Finite-time consensus with continuous-time dynamics is
investigated in [23]–[25]. Finite-time consensus with discrete-
time dynamics has been recently targeted in different ways.
A strand of research (see, for example, [26]–[29]) is based
on the factorization of the averaging matrix to orchestrate
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update matrices at design time, so that average consensus is
achieved in finite time. Another strand of research is related
to the minimal polynomial of a matrix: first, [30] proposed a
distributed method to compute the asymptotic final consensus
value in finite time, provided that nodes have enough computing
power to check rank conditions on matrices, memory to store
previous states, and knowledge of an upper bound on the total
number of nodes; next, [31] and [32] proposed a distributed
algorithm with which any arbitrarily chosen agent can compute
the asymptotic final consensus value in a minimum number
of steps and without requiring any knowledge about the total
number of nodes in the network. All of the aforementioned
works have considered an average consensus in undirected
graphs and assume the timely exchange of information between
neighboring components.

In this paper, we first address the problem of designing a
discrete-time distributed algorithm for exact average consensus
in a minimum number of steps over a possibly directed com-
munication topology. Then, we extend our proposed distributed
algorithm to handle time-invariant and time-varying bounded
delays. In addition, we provide an upper bound for the con-
vergence time in the case of time-varying delays. Our work is
based on the minimal polynomial of a matrix, as it is the case
for [30]–[32]. However, none of the aforementioned works is
able to distributively compute—using only local information at
each iteration—the average consensus value in a finite number
of steps in a digraph. Furthermore, none of them considered
disturbances, such as delayed information.

The remainder of this paper is organized as follows. In
Section II, we provide the necessary notation and background
on linear algebra and graph theory. Sections III and IV present
our main results in the delay-free and delayed cases, respec-
tively, with illustrative examples. Finally, Section V presents
concluding remarks and future directions.

II. NOTATION AND PRELIMINARIES

The set of real (integer) numbers is denoted by IR (Z)
and the set of non-negative real (integer) numbers is denoted
by IR+ (Z+). IRn

+ denotes the non-negative orthant of the
n-dimensional real space IRn. Vectors (assumed column vec-
tors, unless otherwise stated) are denoted by small letters
whereas matrices are denoted by capital letters. AT denotes
the transpose of matrix A. The ith component of a vector
x ∈ IRn×1 is denoted by xi, and the notation x ≥ y implies
that xi ≥ yi for all components i. For A ∈ IRn×n, aij denotes
the entry at row i and column j. By 1l, we denote the all-ones
vector and by I , we denote the identity matrix (of appropriate
dimensions). The n× n zero matrix is denoted by 0n×n and
the zero vector is denoted by 0. We also denote by eTj =

[0, . . . , 0, 1jth, 0, . . . , 0] ∈ R
1×n the row vector, whose single

“1” entry is at the jth position. Also, |A| is the element-wise

absolute value of matrix A (i.e., |A| Δ
= [|Aij |]). A matrix whose

elements are non-negative, called the non-negative matrix, is
denoted by A ≥ 0 and a matrix whose elements are positive,
called positive matrix, is denoted by A > 0.

Lemma 1 [33]: For any non-negative matrix A ∈ IRn×n
+ ,

the spectral radius (or the Perron-Frobenius eigenvalue),

denoted by ρ(A), is a simple eigenvalue of A and there exists a
non-negative vector x ∈ IRn×1

+ , such that Ax = ρ(A)x.
In multicomponent systems with fixed communication links,

the exchange of information between components can be con-
veniently captured by a digraph G(V, E) of order n (n ≥ 2),
where V = {v1, v2, . . . , vn} is the set of nodes and E ⊆ V × V
is the set of edges. A directed edge from node vi to node vj is
denoted by εji = (vj , vi) ∈ E and represents a communication
link that allows node vj to receive information from node vi.
A graph is said to be undirected if and only if εji ∈ E implies
εij ∈ E . In this paper, links are not required to be bidirectional,
that is, we deal with digraphs; for this reason, we use the
terms “graph” and “digraph” interchangeably. Note that by
convention and for notational purposes, we assume that the
given graph does not include any self-loops (i.e., εjj �∈ E for
all vj ∈ V) although each node vj obviously has a link (access)
to its own information. A digraph is called strongly connected
if there exists a path from each vertex vi in the graph to each
vertex vj (vj �= vi). In other words, for any vj , vi ∈ V , vj �= vi,
one can find a sequence of nodes vi = vl1 , vl2 , vl3 , . . ., vlt = vj
such that link (vlk+1

, vlk) ∈ E for all k = 1, 2, . . . , t− 1.
All nodes that can transmit information to node vj directly

are said to be in-neighbors of node vj and belong to the set
N−

j = {vi ∈ V|εji ∈ E}. The cardinality of N−
j , is called the

in-degree of vj and is denoted by D−
j = |N−

j |. The nodes that
receive information from node vj belong to the set of out-
neighbors of node vj , denoted by N+

j = {vl ∈ V|εlj ∈ E}. The
cardinality of N+

j , is called the out-degree of vj and is denoted
by D+

j = |N+
j |.

In the type of algorithms we consider, we associate a positive
weight pji for each edge εji ∈ E ∪ {(vj , vj)|vj ∈ V}. The non-
negative matrix P = [pji] ∈ IRn×n

+ (with pji as the entry at its
jth row, ith column position) is a weighted adjacency matrix
(also referred to as the weight matrix) that has zero entries
at locations that do not correspond to directed edges (or self-
edges) in the graph. In other words, apart from the main
diagonal, the zero-nonzero structure of the adjacency matrix
P matches exactly the given set of links in the graph. We use
wj [k] ∈ IR to denote the information state of node j at time
step k.

Each node updates its information state wj [k] by combining
the available information received by its neighbors wi[k] (vi ∈
N−

j ) using the positive weights pji[k], that capture the weight
of the information inflow from agent vi to agent vj at time k. In
this paper, we assume that each node vj can choose its self-
weight and the weights on its outgoing links N+

j only, and
that these weights are constant. Hence, each node updates its
information state according to

wj [k + 1] = pjjwj [k] +
∑

vi∈N−
j

pjiwi[k] (1)

for k ≥ 0, where wj [0] ∈ IR is the initial state of node vj . If we
let w[k] = (w1[k] w2[k] . . . wn[k])

T and P = [pji] ∈ IRn×n
+ ,

then (1) can be written in matrix form as

w[k + 1] = Pw[k] (2)
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where w[0] = (w1[0] w2[0] . . . wn[0])
T Δ
= w0. We say that the

nodes asymptotically reach average consensus if

lim
k→∞

wj [k] =

∑
vi∈V wi[0]

n
, ∀vj ∈ V.

The necessary and sufficient conditions for (2) to reach average
consensus are as follows: 1) P has a simple eigenvalue at
one with left eigenvector 1lT and right eigenvector 1l, and
2) all other eigenvalues of P have a magnitude less than 1. If
P ≥ 0 (as in our case), the necessary and sufficient condition is
that P is a primitive doubly stochastic matrix.1 However, in a
digraph, it is not possible to set up a doubly stochastic weight
matrix without exchanging information among the nodes in the
network. (See the discussion in [34].)

III. DELAY-FREE CASE

In this section, we show that if each node in a directed graph
can observe and store the evolution of its own values over a
finite number of steps, then the average consensus value can
be computed in finite time as follows: Each node runs two
linear iterations (with identical coefficients but different initial
conditions) and calculates the final value of the iterations after
a finite number of successive iterations. The ratio of these final
values is equal to the network-wide average of the initial values
held by nodes. Hence, this distributed protocol allows each
node to compute, based on its own local observations and after
a minimum number of steps, the exact network-wide average.

In [18], an algorithm is suggested that solves the average
consensus problem in a directed graph where each node vj
distributively sets the weights on its self link and outgoing links
to be plj = (1/(1 +D+

j )) ∀(l, j) ∈ E , so that the resulting
weight matrix P is column stochastic, but not necessarily row
stochastic. Asymptotic average consensus is reached by using
this weight matrix to run two iterations with appropriately
chosen initial conditions. The algorithm is stated below for a
specific choice of weights on each link that assumes that each
node knows its out-degree; note, however, that the algorithm
works for any set of weights that adhere to the graph structure
and form a primitive column stochastic weight matrix.

Proposition 1 [18]: Consider a strongly connected digraph
G(V, E). Let yj [k] and xj [k] (for all vj ∈ V and k = 0, 1, 2, . . .)
be the result of the iterations

yj [k + 1] =pjjyj [k] +
∑

vi∈N−
j

pjiyi[k] (3a)

xj [k + 1] =pjjxj [k] +
∑

vi∈N−
j

pjixi[k] (3b)

where plj = (1/(1 +D+
j )) for vl ∈ N+

j ∪ {vj} (zeros other-
wise), and the initial conditions are y[0] = y0 and x[0] = 1.

1A doubly stochastic matrix A is a square matrix of non-negative real
numbers, whose rows and columns sum to 1. Matrix A is also primitive if for
some k ∈ IN, matrix Ak has no entries equal to 0. A sufficient condition for
matrix A to be primitive is for the matrix to be a non-negative, irreducible
(matrix A is irreducible if, and only if, its associated graph G is strongly
connected) with at least one positive element on the main diagonal [33].

Then, the solution to the average consensus problem can be
asymptotically obtained as

lim
k→∞

μj [k] =

∑
vj∈V yj [0]

|V| , ∀vj ∈ V

where μj [k] = yj [k]/xj [k].
Remark 1: Proposition 1 proposes a decentralized algorithm

with which the exact average is asymptotically reached, even if
the directed graph is not balanced.

In what follows, we propose an algorithm that is based on
1) the algorithm in Proposition 1 and 2) a distributed algorithm
proposed in [31] and [32] where any arbitrarily chosen agent in
an undirected graph can compute its asymptotic final consensus
value in a finite number of steps. The proposed algorithm is
based on letting each node execute (3) and store a sequence
of consecutive iterations with which every node can compute

μj
Δ
= limk→∞ μj [k] in a minimum number of steps.

The result hinges on the use of the concept of the minimal
polynomial associated with the linear dynamics of (3a) and
(3b), in conjunction with the final value theorem. For this
reason, we first provide definitions on minimal polynomials that
are essential for the development of the analysis.

Definition 1 (Minimal Polynomial of a Matrix): The minimal
polynomial associated with a matrix P , denoted by

q(t) = tD+1 +

D∑
i=0

α
(j)
i ti (4)

is the monic polynomial of minimum degree D + 1 that satis-
fies q(P ) = 0n×n.

Note that the minimal polynomial will have a degree of, at
most, n (i.e., D + 1 ≤ n), which means that q(t), if not the
same, divides the characteristic polynomial χ(t) of a matrix.

Definition 2 (Minimal Polynomial of a Matrix Pair): The
minimal polynomial associated with the matrix pair [P, eTj ],

denoted by qj(t) = tMj+1 +
∑Mj

i=0 α
(j)
i ti, α

(j)
i ∈ IR, is the

monic polynomial of minimum degree Mj + 1 that satisfies
eTj qj(P ) = 0.

Considering the iteration in (2) with weight matrix P , it is
easy to show that

Mj+1∑
i=0

α
(j)
i wj [k + i] = 0, ∀k ∈ Z+ (5)

where α
(j)
Mj+1 = 1. Let us now denote the z-transform of wj [k]

as Wj(z)
Δ
= Z(wj [k]). From (5) and the time-shift property of

the z-transform, it is easy to show (see [31], [32]) that

Wj(z) =

∑Mj+1
i=1 α

(j)
i

∑i−1
�=0 wj [�]z

i−�

qj(z)
. (6)

If the network is strongly connected, the minimal polynomial
of [P, eTj ], qj(z) does not have any unstable poles apart from
one at 1; we can then define the following polynomial:

pj(z)
Δ
=

qj(z)

z − 1

Δ
=

Mj∑
i=0

β
(j)
i zi. (7)
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The application of the final value theorem [31], [32] yields

φy(j) = lim
k→∞

yj [k] = lim
z→1

(z − 1)Yj(z) =
yTMj

βj

1lTβj

(8a)

φx(j) = lim
k→∞

xj [k] = lim
z→1

(z − 1)Xj(z) =
xT
Mj

βj

1lTβj

(8b)

where

yTMj
=(yj [0], yj [1], . . . , yj [Mj ])

xT
Mj

=(xj [0], xj [1], . . . , xj [Mj ])

and βj is the vector of coefficients of the polynomial pj(z), de-

fined in (7), that is, βT
j = (β

(j)
0 , . . . , β

(j)
Mj

). The next question is
how one can obtain the coefficient vector βj in the computation
of final values, for example, (8a) and (8b). Consider the vectors
of 2k + 1 successive discrete-time values at node vj , given by

yT2k =(yj [0], yj [1], . . . , yj [2k])

xT
2k =(xj [0], xj [1], . . . , xj [2k])

for the two iterations yj [k] and xj [k] at node vj [as given
in iterations (3a) and (3b)], respectively. Let us define their
associated Hankel matrices as

Γ{yT2k}
Δ
=

⎡
⎢⎢⎣
yj [0] yj [1] . . . yj [k]
yj [1] yj [2] . . . yj [k + 1]

...
...

. . .
...

yj [k] yj [k + 1] . . . yj [2k]

⎤
⎥⎥⎦

Γ{xT
2k}

Δ
=

⎡
⎢⎢⎣
xj [0] xj [1] . . . xj [k]
xj [1] xj [2] . . . xj [k + 1]

...
...

. . .
...

xj [k] xj [k + 1] . . . xj [2k]

⎤
⎥⎥⎦ .

We also consider the vector of differences between successive
values of yj [k] and xj [k]

yT2k =(yj [1]− yj [0], . . . , yj [2k + 1]− yj [2k])

xT
2k =(xj [1]− xj [0], . . . , xj [2k + 1]− xj [2k]) .

It has been shown in [32] that βj can be computed as the kernel
of the first defective Hankel matrices Γ{yT2k} and Γ{xT

2k} for
arbitrary initial conditions y0 and x0 except a set of initial
conditions with Lebesgue measure zero.2

Next, we provide our first main result, where it is stated that
the exact average μ can be distributively obtained in a minimum
number of steps in strongly connected digraphs.

Theorem 1: Consider a strongly connected graph G(V, E).
Let yj [k] and xj [k] (for all vj ∈ V and k = 0, 1, 2, . . .) be the
result of the iterations (3a) and (3b), where P = [pji] ∈ IRn×n

+

2The Lebesgue measure is a way of assigning a measure to subsets of n-
dimensional Euclidean space. A subset of Rn is said to be Lebesgue measure
zero if, for every ε > 0, it can be covered with countably many products of n
intervals whose total volume is, at most, ε. All countable sets and all subsets of
R
n, whose dimension is smaller than n, have Lebesgue measure zero in R

n.
We elaborate more on this issue later on, in Appendix.

is a set of weights that adhere to the graph structure and
form a primitive column stochastic weight matrix. Then, the
solution to the average consensus can be distributively obtained
in minimum number of steps at each node vj , by computing

μj
Δ
= lim

k→∞

yj [k]

xj [k]
=

φy(j)

φx(j)
=

yTMj
βj

xT
Mj

βj
(9)

where φy(j) and φx(j) are given, respectively, by (8a) and (8b),
and βj is the vector of coefficients, as defined in (7).

Proof: The consensus value of node vj for each of the
iterations (3a) (with initial condition y[0] = y0) and (3b) (with
initial condition x[0] = 1l) is found by (8a)–(8b). Note that the
vector βj does not depend on the initial conditions and, hence,
it is the same for each node for every initial condition (except
for initial conditions in a set of Lebesgue measure zero). Hence

lim
k→∞

yj [k]

xj [k]
=

φy(j)

φx(j)
=

yTMj
βj

xT
Mj

βj
.

But from ratio consensus and Proposition 1, we already know
that limk→∞ μj [k] = limk→∞ yj [k]/xj [k] =

∑
vj∈V y0(j)/|V|.

Hence yMT
j
βj/x

T
Mj

βj =
∑

vj∈V y0(j)/|V|. �
Remark 2: Theorem 1 states that the average consensus

value in a strongly connected digraph can be computed as
the ratio of the final values obtained for each iteration (3a)
with initial condition y[0] = y0 and iteration (3b) with initial
condition x[0] = 1l.

Remark 3: It has been shown in [31] that the number of
steps required for predicting y and x are less than 2n, where
n is the number of nodes in the network. Thus, an upper
bound on the network size immediately yields an upper bound
on the storage requirements and the convergence time of the
algorithm. However, in many cases, we do not need to store
these many values: as soon as the square Hankel matrices lose
rank,3 the nodes can stop storing information. Throughout this
paper, we assume that nodes can store at least as many values
as necessary to obtain the resulting defective matrix.

We now introduce an algorithm, herein called Algorithm 1,
in which the nodes distributively compute the exact average of
the initial values in a finite number of steps.

Algorithm 1 Decentralized minimum-time average consen-
sus in digraphs

Input: A strongly connected digraph G(V, E) with n = |V|
nodes and m = |E| edges.
Data: Successive observations for yj [k] and xj [k], ∀vj ∈
V , k = 0, 1, 2, . . ., using iterations (3a) and (3b), with initial
conditions y[0] = y0 and x[0] = 1l, respectively.
Step 1: For k = 0, 1, 2, . . ., each node vj ∈ V runs the ratio
consensus algorithm (3) and stores the vectors of differences
yTMj

and xT
Mj

between successive values of yj [k] and xj [k],
respectively.

3The special structure of Hankel matrices allows for efficient methods to
compute their rank. For example, in [35], a modular method is proposed with
complexity O(r2), where r is the order of the matrix.
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Fig. 1. Digraph consisting of six nodes.

Step 2: Increase the dimension k of the square Hankel
matrices Γ{yTMj

} and Γ{xT
Mj

} for each iteration, until they
lose rank; store their first defective matrix.
Step 3: The kernel βj = (β0, . . . , βMj−1, 1)

T of the first
defective matrix gives the values φy and φx, via (8a) and
(8b), respectively.
Step 4: The average consensus value is computed as

μj =
φy(j)

φx(j)
=

yTMj
βj

xT
Mj

βj
.

Remark 4: Note that the nodes cannot necessarily stop it-
erating as soon as they compute the exact average, because
other nodes may require more steps to compute their Hankel
matrices. If the nodes had knowledge of the number of nodes
n in the network (or an upper bound n′), then each node could
stop iterations after 2n (2n′) steps from the time it started the
iterations.

Example 1: Consider the directed network shown in Fig. 1
where each node vj chooses its weight and the weight of its
outgoing links to be (1 +D+

j )
−1 (such that the sum of all

weights assigned by each node vj is equal to 1). When each
node updates its information state wj [k] using (1), the informa-
tion state for the entire network is given by w[k + 1] = Pw[k]
[as in (2)]. Each node vj ∈ V has an initial value y0(j) and runs
ratio consensus, that is, the iteration in (3a) with initial value
y0(j), and the iteration in (3b) with initial value x0(j) = 1, that
is, we use the update formula (3) to simultaneously run two
iterations with initial conditions y[0] = [−1 0 1 2 3 4]T and
x[0] = 1l. Since the update matrix is not doubly stochastic, the
iteration (3) for this network does converge, but not necessarily
to the average (as shown in Fig. 2 for the case when the initial
condition is y[0]). The final consensus vectors φy and φx, for
initial conditions y[0] and x[0], respectively, are given by

φy = [1.6119 1.0746 0.5373 2.4179 1.3433 2.0149]T

φx = [1.0746 0.7164 0.3582 1.6119 0.8955 1.3433]T.

Fig. 2. Iteration (3a) with initial condition y[0] = [−1 0 1 2 3 4]T (top) and
iteration (3b) with initial condition x[0] = 1l (bottom), for the network in Fig. 1,
do not converge to the average (the average in this case is 1.5).

Fig. 3. By running two iterations y[k] and x[k] as in (3a)–(3b) (using the

weight matrix P and initial conditions y[0]
Δ
= y0 and x[0] = 1, respectively),

average consensus is asymptotically reached for the ratio yj [k]/xj [k].

Then, each node can compute the exact average as μj =
φy(j)/φx(j). For example, for node v1, we have

μ1 =
φy(1)

φx(1)
=

1.6119

1.0746
= 1.5.

The exact average for v1 is computed in 12 steps (i.e., 2(M1 +
1) = 2× 6 = 12 steps). See [32] for more details on how to
compute the minimum number of steps required.

The exact average is also justified by running the ratio
consensus algorithm by showing asymptotic convergence to the
exact average (see Fig. 3).

From the simulations, we observe that the ratio consensus
algorithm after 12 steps has almost converged; more specif-
ically, the values of the ratio at time step 12 are given by
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Fig. 4. Average consensus is asymptotically reached for the ratio yj [k]/xj [k]
of each node vj for a Leslie matrix of size 100.

z[12] = [1.4998 1.4946 1.4995 1.5001 1.5043 1.5002]T, illus-
trating that the minimum time needed for decentralized compu-
tation of the exact average is comparable with the asymptotic
time needed for approximate convergence by the ratio consen-
sus algorithm.

Example 2: Next, we consider an example of a larger net-
work, for which asymptotic convergence to the average takes a
considerable amount of time. More specifically, we consider a
Leslie (a discrete, age-structured model of population growth)
matrix consisting of 100 nodes. The adjacency matrix P ∈
R

100×100
+ is as follows:

P =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1/2 1/3 1/3 1/3 · · · 1/3 1/2
1/2 1/3 0 0 · · · 0 0
0 1/3 1/3 0 · · · 0 0
0 0 1/3 1/3 · · · 0 0
0 0 0 1/3 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 1/3 0
0 0 0 0 · · · 1/3 1/2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Due to the structure of the network, the asymptotic convergence
time is considerable (see Fig. 4). By running our algorithm,
each node can compute the exact average value in a minimum
number of steps; for example, node v100 computes the average
in 34 steps (i.e., 2(M100 + 1) = 2× 17 = 34 steps), while the
(asymptotic) ratio-consensus algorithm seems to need more
than 160 steps for the error to be less than 0.1.

IV. DELAYED CASE

In this section, we address the finite-time average consensus
problem over directed graphs in the presence of bounded delays
in the communication links, arising mainly due to propaga-
tion and computational delays. We now characterize how time
delays affect the number of steps required to compute the
final value at each node in the network. Toward this end, we
postulate an asynchronous operation of Algorithm 1, where
each agent updates its own value by using delayed information
from neighboring nodes.

We use the integer τji[k] ≥ 0 to represent the delay of a
message sent from node vi to node vj at time instant k. We
require that 0 ≤ τji[k] ≤ τ̄ji ≤ τ̄ for all k ≥ 0 for some finite

τ̄ = max{τ̄ji}, τ̄ ∈ Z+. We make the reasonable assumption
that τjj [k] = 0, ∀vj ∈ V , at all time instances k (i.e., the own
value of a node is always available without delay). A protocol is
employed where each node updates its information state wj [k +
1] by combining the available (possibly delayed) information
received by its neighbors wi[s] (s ∈ Z+, s ≤ k, vi ∈ N−

j ) us-
ing constant positive weights pji. Proposition 2 presents the
decentralized algorithm proposed in [12] with which the exact
average is asymptotically reached in the presence of bounded
delays, even if the digraph is not balanced.

Proposition 2 [12]: Consider a strongly connected digraph
G(V, E), where each node vj ∈ V has some initial value y0(j).
Let yj [k] and xj [k] (for all vj ∈ V and k = 0, 1, 2, . . .) be the
result of the iterations

yj [k + 1] =pjjyj [k] +
∑

vi∈N−
j

τ̄∑
r=0

pjiyi[k − r]Ik−r,ji[r]

(10a)

xj [k + 1] =pjjxj [k] +
∑

vi∈N−
j

τ̄∑
r=0

pjixi[k − r]Ik−r,ji[r]

(10b)

where y[0] = (y0(1) y0(2) . . . y0(|V|))T Δ
= y0 and x[0] = 1l,

and Ik,ji is an indicator function that captures the bounded
delay τji[k] ≤ τ̄ (τ̄ < ∞) on link (vj , vi) at iteration k,
defined as

Ik,ji[τ ] =

{
1, if τji[k] = τ ,
0, otherwise.

(11)

(Note that y[k] and x[k] are taken to be zero for negative k.)
Then, we have limk→∞ μj [k] =

∑
vi∈V y0(i)/|V|, ∀vj ∈ V ,

where μj [k] = yj [k]/xj [k].
An augmented graph representation is employed in [12] by

adding extra “virtual” nodes and using them to model the
delays. The maximum number of “virtual” nodes for each
original node is bounded by the maximum delay τ̄ . In par-
ticular, for each node vj ∈ V , we introduce τ̄ “virtual” nodes

v
(1)
j , v

(2)
j , . . . , v

(τ̄)
j (node v(d)j holds information that is destined

to arrive at node vj after d steps). The augmented digraph has
(τ̄ + 1)|V| nodes and (1 + 2τ̄)|E| edges (an example is given
in Fig. 5). In the general case, in a network of n = |V| nodes,
we introduce τ̄n nodes (for a total of (τ̄ + 1)n nodes) so that
ψ[k + 1] = Ξ[k]ψ[k], where

Ξ[k]
Δ
=

⎛
⎜⎜⎜⎜⎝

P0[k] In×n 0 · · · 0
P1[k] 0 In×n · · · 0

...
...

...
. . .

...
Pτ̄−1[k] 0 0 · · · In×n

Pτ̄ [k] 0 0 · · · 0

⎞
⎟⎟⎟⎟⎠ (12)

with ψ[k] = (wT[k] w(1)[k] . . . w(τ̄)[k])T and w(r)[k] =

(w
(r)
1 [k] . . . w

(r)
n [k]), r = 1, 2, . . . τ̄ . Note that P0[k], P1[k],

. . ., Pτ̄ [k] are appropriately defined non-negative matrices that
depend on the link delays that are experienced by messages sent
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Fig. 5. Simple example with two nodes. When the nodes experience no
delays, the graph is as shown at the top figure. When the nodes experience
time-varying delays, then at each time instant k, there will be a path from v1
to v2, either directly or through the “virtual” nodes of the augmented graph,
as shown in the middle figure. For time-invariant graphs, the augmented figure
remains fixed (e.g., bottom figure for τ21 = 2 and τ12 = 1) for all k.

at time k. Specifically, Pr[k] is a matrix associated only with the
links of the graph for which the message is being delayed by r
steps at time step k, and satisfies

Pr[k](j, i) =

{
P (j, i), if τji[k] = r, (j, i) ∈ E ,
0, otherwise.

Note that for each (j, i) ∈ E , only one of P0[k](j, i), P1[k](j, i),
. . ., Pτ̄ [k](j, i) is nonzero and is equal to P (j, i). It is easily
deduced that Ξ[·] is a column-stochastic, non-negative matrix
and, hence, its spectral radius is equal to 1 [33].

In what follows, we consider two cases:

1) In the first case, the delay is assumed to be time-invariant.
We show that the algorithm for computing the ratio
consensus value is actually the same as Algorithm 1,
however, requiring a larger number of observations.

2) In the second case, the delay is time-varying. By assum-
ing knowledge of an upper bound of the time-varying
delays, we can show that the algorithm is the same again
as Algorithm 1.

A. Time-Invariant Delay

When the delay is time-invariant Ξ[k] = Ξ and the state-
space equation is given by

ψ[k + 1] = Ξψ[k], (13a)

where

Ξ
Δ
=

⎛
⎜⎜⎜⎜⎝

P0 In×n 0 · · · 0
P1 0 In×n · · · 0
...

...
...

. . .
...

Pτ̄−1 0 0 · · · In×n

Pτ̄ 0 0 · · · 0

⎞
⎟⎟⎟⎟⎠ . (13b)

Let g(z) be the minimal polynomial of Ξ. As proven in [33],
the minimal polynomial of a matrix divides its characteristic
polynomial. Therefore, by direct calculation

det(zI − Ξ) = det
(
zI − P0z

τ̄ − . . .− Pτ̄−1z − Pτ̄

)
.

As a consequence, the degree of g(z) is, at most, (τ̄ + 1)n
(this can be clearly seen by the size of the matrix describing
the augmented graph), where n is the number of nodes in the
network. Then, we have the following corollary, which follows
from the fact that the maximum number of steps required from
a node to compute its final value is 2n.

Corollary 1: Consider the system in (13). Any arbitrarily
chosen component vj can compute its corresponding final value
(provided that the initial value does not belong to the Lebesgue
measure zero set) in finite time using, at most, 2(τ̄ + 1)n
successive values of its own state.

Remark 5: From Corollary 1, it can be deduced that the
algorithm for computing the average value in the presence
of time-invariant delays is actually the same as Algorithm 1,
however, requiring a larger number of observations.

Remark 6: In the time-invariant case, the augmented graph
is fixed and, hence, apart from the upper bound given in
Corollary 1, we can find the exact number of steps required.
For example, consider the network of two agents exchanging
information as shown in Fig. 5. Note that the weights p11, p12,
p21, and p22 are all strictly positive, and satisfy p11 + p21 = 1
and p22 + p12 = 1. Suppose the agents experience delays that
are bounded by 2 (τ̄ = 2). Therefore, two extra “virtual” nodes
will be added for each node (see Fig. 5 middle figure), depicting
the states at which the delayed messages reside before reaching
their destination. However, if a node does not experience the
maximum delay, then some of the “virtual” nodes (and, there-
fore, links) can be removed.

In the case of two nodes only, the graph representation of the
network for which node v2 sends information to node v1 with
delay τ12 = 1, while node v1 sends information to node v2 with
delay τ21 = 2 is given in Fig. 5 (bottom figure). Therefore, the
degree of g(z) is less than (τ̄ + 1)n.

Example 3: Consider again the network in Fig. 1, for a delay
profile that is given by

τ =

⎛
⎜⎜⎜⎜⎜⎝

0 4 − − 1 −
5 0 0 − − −
1 − 0 − − −
5 − 1 0 − 4
− − − − 0 0
− − 1 1 − 0

⎞
⎟⎟⎟⎟⎟⎠

where τji
Δ
= τ(j, i) is the delay with which node vi sends

information to vj . A “-” is inserted when there does not exist
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Fig. 6. Ratio yj [k]/xj [k] of each node vj converges to the exact average.

a directed link between two nodes. Fig. 6 shows the evolution
of the ratio at each node.

The final consensus vectors φy and φx, for initial conditions
y[0] and x[0], respectively, are calculated using (8a)–(8b) and
are given by

φy = [0.7105 0.4737 0.2368 1.0658 0.5921 0.8882]T

φx = [0.4737 0.3158 0.1579 0.7105 0.3947 0.5921]T.

Each node can compute the exact average μj = φy(j)/φx(j),
for example, for node v1, μ1 = φy(1)/φx(1) = 0.7105/
0.4737 = 1.5. For this example, node v1 computes the exact
average value in 40 steps.

B. Time-Varying Delay

It can be observed that the iterations (10a)–(10b) themselves
do not necessarily converge in the presence of time-varying
delays (see Fig. 7, for the network in Fig. 1). However, the
ratio of the iterations (10a)–(10b) does converge to the exact
average (see Fig. 8). Thus, if one attempts to apply Algorithm 1
in this case for iterations (10a)–(10b), the method will fail,
since neither iteration converges to a final value. In addition, if
someone attempts to apply the final value approach [32] directly
to the ratio value μj [k], even though the ratio itself converges,
the approach initially fails to converge to a final value due to
the nonlinearity of the ratio. However, when the value of the
ratio is very close to the equilibrium point (exact average), the
system can then be well represented by a linear approximation
and, therefore, the approach converges to an approximate value.

Here, we use an alternative approach: if it is possible for each
node vj to know an upper bound τji on the delay τji[k] (i.e.,
τji[k] ≤ τji) for all the incoming links from the in-neighboring
nodes vi ∈ N−

j , then by having the nodes update their value
τij + 1 steps after k using iterations (10a)–(10b), it can be
easily deduced that the problem reduces to the case of time-
invariant delays, studied in Section IV-A. In many cases, it is
not possible to know an upper bound on the delay of each
incoming link of the in-neighbors vi ∈ N−

j , but instead an
upper bound τj of all the in-neighboring links or a global
upper bound τ̄ may be available. Both of these cases constitute
special cases of the problem with time-invariant delays. When

Fig. 7. Iterations (10a) with initial condition y[0] = [−1 0 1 2 3 4]T (above)
and iteration (10b) with initial condition x[0] = 1l (below), for the network in
Fig. 1 do not converge.

Fig. 8. Ratio yj [k]/xj [k] of each node vj of the iterations (10a)–(10b)
converges to the exact average.

the nodes have knowledge of a global upper bound τ̄ , they can
update their states at time instants k + τ̄ for time instants k,
k = 0, 1, 2, . . . (i.e., once all (delayed) packets for time instant
k have arrived) and use the iteration (13) (for each initial value).
This is illustrated for the network in Fig. 1, where nodes update
their states at time instants k + τ̄ steps (see Fig. 9); the ratio of
the iteration converges to the exact average (see Fig. 10).

This is stated in Theorem 2.
Theorem 2: Consider a strongly connected graph G(V, E ,

P ), where P = [pji] ∈ R
n×n
+ is any set of weights that adhere

to the graph structure and form a primitive column stochas-
tic weight matrix. Let yj [k] and xj [k] be the result of the
iterations (10a)–(10b) for all vj ∈ V . By choosing to update
at time instants h = k + τ̄ for time instants k, k = 0, 1, 2, . . .
(i.e., once all (delayed) packets for time instant k have ar-
rived), and by letting ŷj [h] and x̂j [h] be the result of the

Authorized licensed use limited to: Rutgers University. Downloaded on September 18,2023 at 16:54:56 UTC from IEEE Xplore.  Restrictions apply. 



378 IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS, VOL. 2, NO. 4, DECEMBER 2015

Fig. 9. Iterations (10a) with initial condition y[0] = [−1 0 1 2 3 4]T (above)
and iteration (10b) with initial condition x[0] = 1l (below) with maximum
delay τ̄ = 5, for the network in Fig. 1 do converge if the updates of the
states ŷj [h] and x̂j [h] occur every step after the first τ̄ steps (using iterations
(3a)–(3b) with h = k + τ̄ , k = 0, 1, 2, . . .).

Fig. 10. Ratio yj [k]/xj [k] of each node vj of the iterations (10a)–(10b) when
updated every h = k + τ̄ steps, k = 0, 1, 2, . . ., (a) for τ̄ = 5, and (b) when
the assumed maximum delay τ̃ is considered as double (i.e., τ̃ = 2τ̄ = 10) the
steps, due to an overestimated maximum delay. The ratio converges for both
scenarios to the exact average, but with different convergence rates.

iterations (10a)–(10b), the solution to the average consensus is
the same, i.e.,

μj = lim
k→∞

yj [k]

xj [k]
= lim

h→∞

ŷj [h]

x̂j [h]
. (14)

Hence, the solution to the average consensus can be distribu-
tively obtained in finite time at each node vj , by computing

μj
Δ
= lim

h→∞

ŷj [h]

x̂j [h]
=

φŷ(j)

φx̂(j)
=

ŷTMj
βj

x̂T
Mj

βj
(15)

where φŷ(j) and φx̂(j) are given by (8a) and (8b), respectively,
and βj is the vector of coefficients defined in (7).

Proof: Each node updates at time instant k + τ̄ for time
instants k, k = 0, 1, 2, . . ., time by which all of the delayed
packets for time instant k have arrived. As a result, this is
equivalent to the time-invariant delay case (13) where all the
delays are set to the maximum delay, that is, Pj = 0n×n for all
j = 1, 2, . . . , τ̄ − 1. Then, the proof proceeds similarly to that
of Theorem 1.

The following algorithm, herein called Algorithm 2, provides
a finite-time distributed algorithm for computing the exact
average when delays in the network are arbitrary and time-
varying but bounded, and all of the nodes have knowledge of
the upper bound of the delay.

Algorithm 2 Decentralized finite-time average consensus in
digraphs with bounded time-varying delays

Input: A strongly connected digraph G(V, E) with n = |V|
nodes and m = |E| edges.
Data: Observations for ŷj [h] and x̂j [h], ∀vj ∈ V , h = k + τ̄ ,
k = 0, 1, 2, . . ., using iterations (3a)–(3b), with initial condi-
tions y[0] = y0 and x[0] = 1l, respectively.
Step 1: For h = k + τ̄ , k = 0, 1, 2, . . ., each node vj ∈ V
runs the ratio consensus algorithm (10) for fixed delays
and stores the vectors of differences yTMj

and xT
Mj

between
successive values of ŷj [h] and x̂j [h], respectively.
Step 2: Increase the dimension h of the square Hankel
matrices Γ{yTMj

} and Γ{xT
Mj

} for each iteration, until they
both lose rank; store their first defective matrix.
Step 3: The kernel βj = (β0, . . . , βMj−1, 1)

T of the first
defective matrix gives the values φy and φx, via (8a) and
(8b), respectively.
Step 4: The average consensus value is computed as

μj = lim
h→∞

ŷj [h]

x̂j [h]
=

φy(j)

φx(j)
=

yTMj
βj

xT
Mj

βj
.

Example 4: Considering the network in Fig. 1 and using
Theorem 2, the final consensus vectors φy and φx, for initial
conditions y[0] and x[0], respectively, are given by

φy = [0.4045 0.2697 0.1348 0.6067 0.3371 0.5056]T

φx = [0.2697 0.1798 0.0899 0.4045 0.2247 0.3371]T.

Then, each node can compute the exact average μj = φy(j)/
φx(j) (e.g., μ1 = φy(1)/φx(1) = 1.5). For this example, the
maximum number of steps that a node requires to compute the
exact average value is 64 steps, while the values of the ratios for
the algorithm described in Proposition 2 using the upper bound
τ̄ are z[64] = [1.4906 1.4993 1.4953 1.5016 1.5034 1.4905]T
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(see the top of Fig. 10). If the delay is overestimated, then
our proposed algorithm needs more time to converge to the
final value; for this specific example, nodes assume that the
upper bound on the delay is 10 (i.e., τ̄ = 10) and the maximum
number of steps required to compute the exact average value is
114 steps. This observation suggests that while we have further
assumptions on the upper bound of the delay, the proposed
algorithm performs well even in the presence of time-varying
delays and even if the delays are overestimated. The algorithm
described in Proposition 2 using the overestimated upper bound
τ̄ = 10 is shown at the bottom of Fig. 10.

V. CONCLUSIONS AND FUTURE DIRECTIONS

This paper proposes a discrete-time algorithm that allows a
directed networked system to distributively compute the exact
average consensus in a finite number of steps, using only local
observations at each component of a multicomponent system.
The average consensus value can be obtained by running a
protocol that requires each component to have knowledge of the
number of its outgoing links (i.e., the number of components to
which it sends information) and its own history of values. For
the case of time-invariant delays, we show that the algorithm for
computing the average value is similar to the algorithm when no
delays are present; however, a larger number of observations are
required for convergence. For the case of time-varying delays,
it is assumed that nodes have knowledge of an upper bound of
the delays in order to apply the proposed methodology. To the
best of the authors’ knowledge, this is the first algorithm that is
guaranteed to reach average consensus in a digraph in a finite
number of steps.

It would be interesting to investigate the following issues:

a) Can we reach consensus in finite time when agents have
no knowledge of the upper bound of the time-varying
delays?

b) The computation of the rank of the Hankel matrix as-
sumes that its block elements are given exactly. How is
the method affected when we have uncertainties in the
measurements?

c) It is shown in [36] that ratio consensus reaches average
consensus even in the presence of switching topologies
and time-varying delays. However, switching topologies
imply that the system is no longer linear time invariant
and, hence, the approach proposed here is not valid. How
can one compute the average in networks with switching
topologies?

APPENDIX

We show that there exists a set of initial conditions y[0] = y0
for which the final value cannot be found by all nodes, at least
not if nodes stop storing data the first time the associated Hankel
matrices lose ranks. We then establish that this set of initial
values belongs to a set of Lebesgue measure zero. The analysis
below is not complete since we do not completely characterize
the set of Lebesgue measure zero. Our goal is mostly to provide
intuition on this issue.

Fig. 11. Simple example with four nodes. Whatever the value of node v4, if
y1[0] = y2[0] = y3[0], node v1 loses rank in two steps and, hence, it computes
the wrong final value.

Usually, the main reason for which the algorithm fails is
because the Hankel matrix of some node loses rank for the first
time too early. To gain some insight, consider, for example, the
case when the Hankel matrix4 for node vi loses rank after just
two steps. That means

det

(
yi[0] yi[1]
yi[1] yi[2]

)
= 0. (16)

As a result, y2i [1] = yi[0]yi[2]. Alternatively, this can be written
as (Pi,•y0)(Pi,•y0) = yi[0]Pi,•y[1] = yi[0]Pi,•Py0, where Pi,•
is the ith row of matrix P . As a result

Pi,• (yi[0]Py0 − yi[1]y0) = 0. (17)

There are two cases for which (17) holds

1) yi[0]Py0 = yi[1]y0;
a) if yi[0] = 0, then from (16), y2i [1] = 0, meaning that

Pi,•y0 = 0 (i.e., Pi,• ⊥ y0) and the state of node vi
does not change. Note that if y0 = 0, then the Hankel
matrix will lose rank immediately and the final value
will be zero, so there is no problem with y0 = 0.

b) if yi[0] �= 0, then y0 corresponds to an eigenvector P ,
with eigenvalue λj(P ) = yi[1]/yi[0], that is,

Py0 =
yi[1]

yi[0]
y0, λj(P ) ∈ R.

When this occurs, and λj(P ) < 1, the final value at
which the nodes will converge to is zero (for all nodes)
and, as a result, this value is found distributively in two
steps. Also, if λj(P ) = 1, then the value of each node
has reached the final value.

In this case, there exists a Lebesgue measure zero
set (satisfying Pi,•y0 = 0 and yi[0] = 0) for which the
node loses rank before the states have converged to the
consensus value.

2) Pi,• ⊥ (yi[0]Py0 − yi[1]y0); it can be easily shown that
Pi,• ⊥ (P − (yi[1]/yi[0])I) is not possible unless some
special circumstances hold for which the final val-
ues have already been reached. As a result, Pi,•(P −
(yi[1]/yi[0])I) ⊥ y0, which implies that node vi was not
“excited” (i.e., no state difference) by any node of at
least 2-hops away; hence, node vi is already in a local
consensus, thus causing its Hankel matrix to lose rank
early.

Fig. 11 shows an illustrative example of the aforementioned
analysis. Here, nodes v1 to v3 have the same value, while node

4We use the Hankel matrix formed by the values and not the differences
between the values for illustration purposes, but it does not make a difference.
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v4 (three hops away from v1) has a different value. Thus, v1
loses rank before it obtains information from node v4.

Remark 7: This problem can be alleviated if the nodes have
knowledge of the network diameter d or at least an upper bound
of the network diameter d̄ (e.g., the number of nodes n in the
network, or, even an upper bound n̄ of the number of nodes).
If such knowledge is available, nodes do not stop neither
the iterations nor storing data (assuming the buffer capacity
allows), until enough steps have been executed and, hence,
information is transferred by each node to every other node
(due to the strong connectivity assumption). More specifically,
after d steps, every node will have received information from
every other node in the network. The algorithm requires, at
most, 2n steps to converge; hence, once the necessary number
of steps s has been exceeded (i.e., s ≥ d steps), if there was a
case for which the Hankel matrix of a node lost rank earlier,
then the node should continue the iterations and storage until d
steps have been exceeded and if nothing has changed (i.e., no
extra information received), then the true final value is the one
computed already. Otherwise, if no rank loss occurred yet and
the rank of the Hankel matrix still increases, the node should
continue storing values until the next rank loss occurs to the
Hankel matrix that gives the true final value. If no information
can be assumed/inferred about the size of the diameter or the
network, then a node can reduce the probability of losing rank
early by continuing to store information until the buffer reaches
its capacity. We have not considered in this work the case
for which the capacity of the nodes does not suffice for the
computation. Note that in the ratio consensus case, we have
two concurrent iterations. As a result, a node has the ability to
decide that the final value can be computed based on when the
iterations lose rank. More specifically, if one of the iterations
(say iteration 1) loses rank early, while the other iteration (say
iteration 2) does not, then the node should seek for the next
time iteration 1 loses rank before concluding on the final value.
As a result, while the issue may not be resolved for all cases,
ratio consensus has the chance to check two initial conditions
and, hence, it is a more robust approach than a single iteration.

Remark 8: Even though a node can stop storing values as
soon as its final value is computed, it should only terminate
iterations after 2n+ d steps, time by which all nodes are
guaranteed to have computed their final value, provided that
knowledge of n or n̄ is available. Note that this is a worst
case scenario for which the first information to node vj arrives
after d steps and then the value xj starts to change. This is
consistent with the upper bound on the number of steps required
for convergence, as stated in Remark 3.
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